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Abstract. We develop a theory of downward subsets of the space R, where 7 is a finite index set.
Downward sets arise as the set of all solutions of a system of inequalities x € R/, fix) <0 (r e
T), where T is an arbitrary index set and each f; (+ € T) is an increasing function defined on RZ.
These sets play an important role in some parts of mathematical economics and game theory. We
examine some functions related to a downward set (the distance to this set and the plus-Minkowski
gauge of this set, which we introduce here) and study lattices of closed downward sets and of
corresponding distance functions. We discuss two kinds of duality for downward sets, based on
multiplicative and additive min-type functions, respectively, and corresponding separation properties,
and we give some characterizations of best approximations by downward sets. Some links between
the multiplicative and additive cases are established.
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1. Introduction

It is well known that there exist various kinds of necessary and sufficient con-
ditions for the global minimum of a convex function over a convex set. These
conditions play a fundamental role in convex optimization. However, it is very
difficult to obtain verifiable conditions for a global minimum in general non-convex
optimization. Thus it is important to describe some classes of non-convex global
optimization problems, where such conditions can be obtained. In particular, one
can examine some classes of multi-extremal problems, having a certain structure
which is different from convexity, such as monotonic structure.

One of the well known problems of convex optimization is that of best approx-
imation by elements of convex sets. Convexity can be also used for best approx-
imation by complements of convex sets. Best approximation by different kinds
of sets is a very complicated problem. Monotonic structure was used in [13] for
establishing necessary and sufficient conditions for best approximation by elements
of the so-called normal subsets of the cone R” . In this paper we study a new class
of multi-extremal problems of best approximation in R” with monotonic data. First
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we develop special techniques for examining such problems. Such techniques are
useful in the study of some problems related to inequalities defined by increasing
functions and some problems of game theory. We believe that these techniques
will be useful in the study of various global optimization problems with monotonic
data.

Let / = {1,...,n} and R = (—o0, +00), the real line. Denote by R’ the space
of all vectors x = (x;);c;, endowed with the max-norm and the coordinatewise
order relation. In this paper we shall study downward subsets of the space R/, that
is, sets A € R/ such that (x € A, y < x) = y e A. We use the notation R’
rather than R”, since some of our results remain valid, with the same proofs, for
bounded functions on an arbitrary index set I (mutatis mutandis, e.g., replacing
min;¢; by inf;c; in formula (1.3) below).

Convex downward subsets of R/ play an important role in some parts of math-
ematical economics and cooperative game theory, where they are called compre-
hensive sets. Not necessarily convex downward sets have already found applica-
tions in the theory of games with non-transferable utility (see, for example [10]).
We hope that the theory developed in this paper can be used to extend some results
of mathematical economics and cooperative game theory.

Downward sets arise as the set of all solutions of a system of inequalities

xeR!, fix) <0  (teT), (1.1)

where T is an arbitrary index set and, for each r € T, f; is an increasing function
defined on R’. We shall give a representation of downward sets by means of special
increasing functions.

Downward sets can be considered as a certain analogue of normal subsets of the
cone R’.. By definition, a set G € R’ isnormal if (x € G, x’ e R,, X' < x) =
x" € G. Normal sets have been studied in [11, 13]. This study has been based on
the application of the ‘multiplicative coupling function” ¢, : RL x Rl — R,
defined (see, e.g., [11]) by the “scalar product’

min; Lix; ifxe R! S RZ\{0
golx, ) = (I, x) := { o ol 1F SR e RAD) (12)
=+ - ’

where I(l) := {i € I : I; # 0}, and of the ‘min-type functions’ (more precisely,
multiplicative min-type functions), i.e., functions of the form ¢o(., 1), with / € R%.
and ¢o of (1.2). Among other results, in [13] it has been shown that a subset A of
R’ is closed and normal if and only if it is abstract convex with respect to the set
of all multiplicative min-type functions, i.e., if and only if A and any outside point
can be separated by a multiplicative min-type function. However, in contrast with
the case of normal sets, multiplicative min-type functions sometimes are not very
convenient in the study of downward sets. We shall show that the “additive coupling
function” ¢ : R’ x R’ — R defined (see e.g. [3, 4] and References therein) by the
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‘scalar product’

e, 1) :=min(; +x) (x eR1eR, (1.3)
IAS

and the “additive min-type functions’, i.e., functions of the form ¢ (_, 1), with/ € R/
and ¢ of (1.3), are more suitable for this purpose. We shall prove that a subset A of
R’ is closed and downward if and only if it is abstract convex with respect to the
set of all additive min-type functions, i.e., if and only if A and any outside point
can be separated by an additive min-type function. Also, we shall demonstrate that
downward sets, through the notion of downward hull, form a useful tool in the
study of normal sets.

Another area of applications of downward sets is the theory of best approxima-
tion. The theory of best approximation by elements of convex and reverse convex
sets (that is, complements of convex sets) is well-developed and has found ap-
plications in many areas of mathematics. However, convexity is sometimes a very
restrictive assumption, so there is a clear need to study the best approximation by
not necessarily convex sets. In this direction, the theory of best approximation in
R’ endowed with the max-norm, by elements of normal sets, has been developed
in [13]. In the present paper we shall study best approximation in R’ by elements
of downward sets.

For the theory of best approximation in R% endowed with the max-norm, by
elements of normal sets, in [13] it has been necessary to study the more difficult
problem of the separation of a normal set and a certain ball (in the max-norm).
While in [13] it has been shown that the separability of a normal set and a ball
by multiplicative min-type functions can be used to obtain necessary and sufficient
conditions for the least element of best approximation by a normal subset of R’
we shall show that in the case of downward sets in R’ the situation is better, namely,
the separability of a downward set and a ball by multiplicative or additive min-
type functions can be used to establish necessary and sufficient conditions for any
element of best approximation by a downward subset of R’.

Moreover, we shall study the expression of the distance from a given point x to
a downward set A, as well as the distance to the set A as a function of a variable
point x. We shall describe properties of this function and establish its links with
the so-called plus-Minkowski gauge. We shall study not only individual downward
sets and distance functions, but also the lattice of all closed downward sets and the
corresponding lattice of all distance functions.

The above mentioned results will allow us to extend to closed downward sets
the linear regularity result obtained in [12] for closed normal sets. Recall that a
collection (A,),er of subsets of a normed linear space X is called linearly regular
if there exists a constant C > 0 such that for all x € X

dist (x, ] A,) < Csupdist (x, A)). (1.4)

reT teT



114 J-E. MARTINEZ-LEGAZ ET AL.

This concept plays an important role in the theory of error bounds for convex
inequality systems. Among other results, it is known (see [1], Corollary 5.26)
that if the collection {A,};<7 is finite and each A, is a convex polyhedron, then
{A,};er IS linearly regular, and in [2], fact 2.15, it has been observed that this is a
reformulation of the classical Hoffman error bound result [5].

It was shown in [12] that for closed normal subsets of Ri the situation is com-
pletely different, namely an arbitrary collection (A,),cr Of closed normal sets is
linearly regular with C = 1, and for all x € Ri we have even

dist (x. (] A,) = supdist (x, A,). (1.5)

reT teT

We shall demonstrate that (1.5) holds also for an arbitrary collection (A;),er of
closed downward sets in R/ and all x € R.

The structure of the paper is as follows. In Section 2 we present some prelimin-
ary results. In Section 3 we discuss some properties of the distance to a downward
set, introduce and study the plus-Minkowski gauge of a downward set and estab-
lish some links between the distance and the plus-Minkowski gauge. Connections
between downward subsets of R’ and normal subsets of the cone R, based on
the notion of the downward hull of a normal set, are studied in Section 4. The
complete lattices of all closed downward sets, all closed normal sets and all dis-
tance functions, and connections between these lattices, are examined in Section
5. In the rest of the paper we study two types of duality, their applications, and
relations between them. Dualities based on multiplicative and additive min-type
functions and their application to separation of a closed downward set and a ball
are discussed in Sections 6 and 7, respectively. Applications of these separation
properties to characterizations of best approximations by downward sets can be
found in Section 8. A representation of the distance to a downward set through
distances to lower min-type half-spaces is given in Section 9. In the final Section
10 we discuss some connections between the multiplicative and additive cases.

2. Préliminaries

Let 7 be a finite set of indices. Consider the space R’ of all vectors (x;);c;. We
shall use the following notations:
e if x € R/, then x; is the i-th coordinate of x;

ifx,yeR/thenx >y & x; >y foralli e I;

ifx,yeR/thenx >y & x; >y foralli e I;

R ={x = (x)ies € R' : x; = 0foralli € I};

RiJr ={x =) eR : x; >0foralli e I};

1=0@1,...,0);

for each x € R/, x* = max(x, 0) (coordinatewise, i.e., x;" = max(x;, 0) for
alli e I).
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In the sequel we shall asume that the space R’ is equipped with the coordin-
atewise order relation > and with the max-norm ||x|| = |lx]le = MaX;es |X;].
Note that the ball B(x,r) := {y : ||y — x|| < r} can be represented in the form
B(x,r) ={y:x—r1<y<x+rl}). Forany set A C R’ we shall denote by int
A, cl A, and bd A, the interior, the closure and the boundary of A, respectively. If
there exists the least element of A, we shall denote it by min A.

DEFINITION 1. A nonempty subset A of the space R is called downward if
(x e A, x' <x) = x' € A. We accept, by definition, that the empty set ¢ is
downward.

A simple example of a downward set is a set of the form {y € R : y < x},
where x € R, It is easy to check that a function f : R’ — R is increasing (i.e.,
(x,y e Rl,x <y) = fx) < f(y)) ifand only if its level sets S.(f) := {y :
f(y) < c} are downward for all ¢ € R.

PROPOSITION 1. Let A c R’ be a downward set and x € R’.
(@ Ifx € A, then x — el eint A for all ¢ > 0. Hence, int A # 0.
(b) We have

intA:{xeR1:38>O,x+sleA}. (2.6)

(c) If A isclosed, then it is regular, that is, A =cl int A.

Proof. (a) Let x € A and ¢ > 0. Since the greatest element of the ball B :=
B(x—¢cl,e)is(x —el)+el=x € A, and since A is downward, it follows that
B C A.Hence, x —eleintA, sointA # @.

(b) If there exists ¢ > 0 such that x + ¢1 € A, then, by (a), we have x =
(x +el)—el cint A. Conversely, if x eint A, then there exists aball B(x,¢) C A
(with e > 0). Since x + ¢1 € B(x, &), it follows that x + 1 € A.

(c) Taking ¢ — 0 in part (a), it follows that x eclint A. Thus, A C clint A. On
the other hand, since A is closed, we have that A D cl int A. Hence, A is regular. O

3. Thedistanceto adownward set
Let A be a subset of R’ and x € R’. We will use the following notations:

inf{llx —al : ac A} ifA#0

da(x) :=dist (x, A) = { too ifA—0,

(3.1)

Pa(x) ={a € A:dsx)=|x—all}. (3.2)

The function d, is called a distance function. Geometrically, P4 (x) is the set of
all elements of A which are nearest to x . It is well-known that for each closed set
A C R’ and each x € R’ the set P4(x) is not empty, so the infimum in (3.1) is
attained. It is well-known (and easy to check) that P,(x) Chd A for each A and
eachx ¢ A.
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PROPOSITION 2. Let A be a closed downward set and x° € R’. Then there exists
the least element ¢® = min P, (x%) of the set P,(x°), and we have

aO = xO - rl, (33)

where r = d, (x9).

Proof. The result holds if x° € A. Assume now that x° ¢ A, that is, r =
d,(x%) > 0, and let us consider the element a° defined by (3.3). We have [|x° —
a®|| = r and for any y € B(x% r) there holds y > x° — r1 = a° so a® is the
least element of the ball B(x°, r) . Furthermore, since A is closed, P,(x%) # 9.
Leta € P4(x%). Then [|x° — a| = r, thatis, a € B(x°, r). Since a° is the least
element of B(x, ), it follows that «® < a. Since the set A is downward, it follows
that «® € A. Hence a® € P, (x°) and «® is the least element of P4 (x?). O

COROLLARY 1. Let A be aclosed downward set, x° € R and a° = min P4 (x°).
Then a® < x°.
Proof. By (3.3), we have a® = x° — r1 < x°. O

COROLLARY 2. The following is valid for a closed downward set A and any
xeR:

da(x)=minfA >0:x — A1l e A} (3.4)

Proof. Ifx € A,thenx —0-1€ A,somin{A > 0:x—Alec A} =0 =d,(x).
Letx ¢ A. Then forany A > O withx — 21 € A we have

A= A1 = llx — (x = AD}HI = da(x),

and, by Proposition 2, x — d4(x)1 € A. Thus (3.4) holds. a

REMARK 1. An anonymous referee drew our attention to the following fact:
Proposition 2 and Corollary 2 allow one to develop a simple numerical method
for the search of the least element a° of the set P,(x°). Indeed, by Proposition
2 and Corollary 2, this search can be reduced to the following one-dimensional
optimization problem:

A — min subject tox —Ale A.

This problem can be solved for example by a well-known binary search method.

COROLLARY 3. Let A be a closed downward set. Then

RNA={a+rl:aechdA,r> 0. (3.5)
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Proof. For any x° € R’\A, take a = a° of Proposition 2 (so a ebd A) and
L =r =ds(x°). Then, by (3.3), we obtain x® = a + A1.

Conversely, assume that there exista € bd A and A > O such thata + 11 € A.
Let V := {x € R : x « a + Al}. Then V is an open neighbourhood of a. But,
since a + A1 € A and A is downward, it follows that V. C A, soa ¢ bd A, a
contradiction. 0

REMARK 2. (a) If A is a non-empty downward subset of R/, then each x € R’
satisfies

fAeR:xerl+ A} #0. (3.6)

Indeed, let x € R’,a € A. Choose any A € R such that x — A1 < a (e.g.,
A= maX;e; (x; —a;)). Then, since A is downward, x — A1 € A, sox € A1+ A,
which proves our assertion.

(b) Let A be a proper downward subset of R (i.e., such that @ # A # R’), and
x e R!.Forany . € Rsuchthat x e A1+ A, thatis,x —Ale A, andall A’ > A
we have, since A is downward, x — A’1 € A, thatis, x € A1 + A. Thus, the set
{, € R:x € AL+ A} is a half-line in R, either of the form (o, +o0) or of the
form [p, +00). Also, clearly, if A = @, then {A e R : x € A1+ A} = @, while if
A=R!/ then{r eR:x erl+ A} =R.

(c) According to (a), if A is a non-empty downward subset of R/, then

Uper(A1+ A) =R/, (3.7)
or, equivalently,

A + U, crAl =R/, (3.8)
by (b), in (3.7) and (3.8) one can replace . e Rby A e R,..

DEFINITION 2. Let A be a downward set. The function p4 : R’ — R defined
by

pax) =inf(AeR:xerl+ A} (xeR) (3.9)

is called the Minkowski gauge with respect to addition (or plus-Minkowski gauge)
of the set A.

An explanation of this term can be found in Section 10.
Note that if A is a closed downward set, then the inf in the definition of the
plus-Minkowski gauge is attained, that is,

pax) =minfAeR:x e A1+ A} (x e RD). (3.10)

Let us give some simple examples.
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PROPOSITION 3. Let

A'={xeR :x<v} (weR). (3.11)
Then A" is a closed downward set and

par(x) = max(x; —vi) (x € RY). (3.12)

Proof. Let x € R!. Then, since I is finite, we have

pa@) =infreR:x —Al<v}=infleR:x; — A<y ( €l)}
= inf{AeR:xi—vi<k(iel)}:malx(x,-—vi).
e

0
PROPOSITION 4. Let/ € R! and
D ={xeR: rpei]n(xl- —1;) <0} (3.13)
Then D is a closed downward set and
pp,(x) = rlT"eiln(Xi —1) (xeR). (3.14)
Proof. For any x € R’ we have
pp(x)=inffAeR:x—11le D} =inf{AeR: rlneiln(x,- —x2—1) <0}
=inf{L e R: rpeiln(xl- -l <A} = rpeiln(xl- —1).
O

DEFINITION 3. Any set D, of the form (3.13) will be called a lower min-type
half-space.

REMARK 3. Geometrically, D, is the complement of the ‘open right angle’ {x €
R : x> 1}

THEOREM 1. Let A be a closed downward set. Then d4 = pf, that is,
ds(x) = pa(@)T =max(pa(x),0) (x € R'). (3.19)
Proof. Let x € R’. Then, by Corollary 2 and Remark 2, we have

da(x) =minfA > 0:x e A1+ A} = max{inf{fA e R:x € A1+ A}, 0}.
(3.16)

But, by (3.9), the right hand side of (3.16) is just max(p(x), 0). a
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REMARK 4. (a) From Proposition 1(b) it follows that for any downward set A we
have

intA={xeR :ps(x) <0}, RIN\intA={xeR :ps(x)>0}. (3.17)

On the other hand, clearly, d4(x) = 0 for all x € int A. Hence, by Theorem 1, for
any closed downward set A we have

| patx) if x ¢int A
da(x) = { 0 ifxcint A (3.18)

(b) For any closed downward set A we have
bd A= {x e R : ps(x) = 0}. (3.19)

Indeed, if x € bd A = A\int A, then, by (3.10) and (3.17), we have p,(x) = 0.
Conversely, if p4(x) = 0, then, by (3.17), we have x ¢ int A, whence, by (3.18),
da(x) = pa(x) =0,50x € A\int A =hd A.

PROPOSITION 5. Let A be a closed downward set, x € R/, and A > 0.
(@) If x €int A, then

da(x + A1) =ds(x) + A (3.20)

Hence:
@) Ifx ebd A (C A, sods(x) =0), then

da(x + A1) = A. (3.21)
(@2) If x ¢ A (soda(x) > 0), then

da(x + A1) > A
(b) If x € int A, then

da(x +21) < A (3.22)

Proof. (a) Assume that x €int A.
Case 1° : x e bhdA. Lety = x + Aland let ' < A. Since x ¢ intA, by
Proposition 1 we have x + (L — A)1 &€ A, so

y—AN1l=y— 214+ GA—A)1l=x+O—-A)1gA.

On the other hand, since x € bd A and A is closed, y — A1 = x € A. Hence,
A =min{A" : y—A'1 € A} and therefore, by Corollary 2, A = d4(y). Consequently,

da(x + A1) =da(y) =L =ds(x) + X
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Case2° : x € A. Letr = d,(x). Then, by Proposition 2, x" :=x —rl e
bd A. Hence, applying (3.21), we obtain

da(x + 2D =ds(x' +r+0DD) =r+ 1 =ds(x) + A.

(b) Assume now that x € int A. Then, by (2.6), there exists an ¢ > 0 such that
x +¢ele A. Hence

dyx + 2D < JJx+2) —(x+ e =l —8)1| =1 —¢ < A.

4. Connections between downward sets, normal sets, and their
approximation properties

We recall that a subset G of the cone R’ is called normal if (x € G, 0 < x’ <
x) == x' € G. Forexample, if f is an increasing function defined on R, then
its lower level sets {x € R’ : f(x) < ¢} for all ¢ are normal.

Let G be a normal subset of R... The intersection of all downward sets contain-
ing G is again downward. This set is called the downward hull of the set G. We
shall denote the downward hull of a normal set G by G.,.

Let us indicate some properties of the downward hull of a normal set. For any
set X € R’ we shall use the notation X+ = {x*: x € X}.

PROPOSITION 6. Let G, € R’ be the downward hull of a normal set G € R%.
Then

1) G, =G —RL.

(@ G, ={x eR' : xT € G}.

)G =G, NRL.

(4) G is closed if and only if G, is closed.

Proof. (1) By [14], p. 65, Proposition 2.3, we have

G.={yeR':3geG, y<gl={g—z:2€Gze R} =GR
(4.1)

(2) If x € G, then, by (4.1), there exists g € G such that g > x. Since also
g € G € R!, we conclude that g > max(x, 0) = x*. Since G is normal, it follows
that x* € G.

Conversely, if x* € G, then, since x < x™, from (4.1) (with g = x™) it follows
that x € G,.

(3) The inclusion G € G, N Ri is obvious. Conversely, if x € G, N Rﬁr,
then, since x € R., we have x = x™. Hence, by x € G, and part (2), we obtain
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x = xT € G (alternatively, by part (1), we have 0 < x = g — z < g for some
g € G and z e R’ and hence, since G is a normal set, x € G).

(4) Assume now that G is closed, and let g, € G, g — g. Then g — g™.
Also, by g € G, and part (2), we have g € G. Hence, since G is closed, we
obtain g™ € G C G... Consequently, since G, is downward and g < g™, it follows
that ¢ € G... Thus, G, is closed.

Conversely, if G, is closed, then, by part (3), so is G.

(5) Letx™ € (G,)*, where x € G,. Then, by part (2), x* € G.

Conversely, if x € G, then, by part (3), x € G, (S0 x* € (G,)") and x = x™,
whence x € (G,)™T. O

THEOREM 2. (a) A downward set A € R’ is the downward hull of a normal set
G C R! ifand only if

At C A. (4.2)

(b) A downward set A € R’ is the downward hull of a closed normal set G € R..
if and only if A is closed and satisfies (4.2).
Moreover, in both (a) and (b) the set G is unique, namely

G=ANRL (4.3)

Proof. () If A = G, where G € R’ is a normal set, then, by Proposition 6,
part (5), we have A* = (G,)" =G C G, = A.

Conversely, assume now that a downward set A € R/ satisfies (4.2), and define
G C R! by (4.3). Then, since A is a downward set, G is normal. Furthermore, if
a e A, thenforg :=a"wehave g € A (by (4.2)and g € R, s0 g € G (by
(4.3)). Hence, since a < g, by the first equality in (4.1) we have a € G,. Thus,
A C G,. Conversely, by (4.3) we have G C A, whence, since A is downward, it
follows that G, € A. Thus, A = G,.

(b) Assume that A = G,, where G € R is a closed normal set. Then, by
Proposition 6, part (4), A is closed. Also, by part (a), there holds (4.2).

Conversely, assume now that A is a closed downward set satisfying (4.2). Then
the set G € R’ defined by (4.3) is closed and normal, and, by part (a), we have
A =G,.

Finally, observe that if a downward set A is the downward hull G, of a closed
normal set G, then, by Proposition 6, part (3), we have (4.3). This proves the
uniqueness of G. O

We need also the following

PROPOSITION 7. Letx° ¢ RL, a® € R!. Then

[x% —a®|| = %% — @] (4.4)
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Proof. Let
Iy ={i:a®>0), p={i:a®°=0},I_={i:a’ <0} (4.5)
Then
O ifiel UI
@)= T (4.6)

! 0 ifiel_,

and hence, since x° € R,

0 0 0 0 .
Ix) —a’| = |x; — (a)7"] (i elyUl),
0 0 0 0 0 0 0 .
|x; —a;| =x; —a; >x; =|x; — (ai)+| (iel).
Thus [1x® —a®|l > Ix° = @)™ . O

COROLLARY 4. Let G < R’ be a closed normal set, G, < R’ the downward
hull of G, and x° € R%.. Then

dg,(x%) = dg(x°). (4.7)

Proof. Since G, 2 G, we have dg, (x°) < dg(x°). On the other hand, by
Proposition 6, part 2), and Proposition 7, for each a € G, we have a* € G and
[x% —all > [Ix° — a™|| > dg(x°), whence dg, (x°) > dg(x°). m

PROPOSITION 8. Let G be a closed normal set and x° € R . Then there exists
the least element g° of the set P;(x%), namely g = (a°)*, where a° is the least
element of the set Pg, (x°).

Proof. By Proposition 2 and Corollary 4 we have a®° = x% — r1, where r =
dg, (x%) = d(x°). Hence (a®)* = max(x® — r1, 0), and thus, for the sets 7., I,
and 7_ defined by (4.5) we obtain
X —riel Ul

P 4.8
0 iel_. (48)

(@)h); =
It follows from Proposition 7 that r = ||x° — a®|| > ||x® — (a®)T|. Since a° € G,,
we have (a®)* e G (by Proposition 6, part 2)), whence |x° — (a®)*| > r. Thus
X0 — @] =r, s0 (@®)*t € Ps(x%). Let g € Pg(x°). Then ||g — x°|| = r. Since
g € G CG,, itfollowsthat g € Ps, (x°),s0 g = min Pg, (x%) = a®. We also have
g >0.Thus g > (@®*, 50 (@®)* = min Pg(x°). O

REMARK 5. The existence of the least element g° of the set P;(x°) and the
formula g° = (x° — r1)* have been proved, with a different method, in [13].
Proposition 8 shows, in addition, that g® = (a°)", the positive part of the least
element of the set Pg, (x°). Moreover, from Proposition 8 and Corollary 1 we
obtain again the result of [13] that if G is a closed normal set, x° € R’ \G and g°
is the least element of P (x?), then g% < x°.



DOWNWARD SETS AND THEIR SEPARATION AND APPROXIMATION PROPERTIES 123

Now we shall extend formula (4.7) to an arbitrary element x° € R’.

THEOREM 3. Let G € R! be a closed normal set, G, € R’ the downward hull
of G, and x° € R’. Then

dg,(x°) = dg((x")h). (4.9)

Proof. If x° € G,, then, by Proposition 6, part (2), (x°)* € G and hence
dg,(x%) = 0 = dg((x9)7T). If x° ¢ G,, let r = dg,(x° (> 0) and let a° be the
least element of the set Pg, (x°). Then, by Proposition 2, a® = x® — 1. Hence, by
Proposition 6, part (2), (x° — r1)* = (@) € G. We claim that

T —r1< = rnt. (4.10)
Indeed, for each i € I we have
(" =rD); =)D —r
=()C?)+ —r = max(x?, 0)—r= max(xl.o —r,—7)
<max(x? —r,0) = (x2 — )T = % —r1f,

which proves the claim (4.10). Hence, since G, is downward, by (x° — r1)* ¢
G C G, and (4.10) we have

Ot —rleG,. (4.12)
Let (see Corollary 4)

dg, (X)) =da((x°)") =r'. (4.12)
Then, from Corollary 2 and (4.11) it follows that

Fr=minfA>0: T —11e G, <r (4.13)

In order to complete proof we need to show that 7" > r. Let g° € G(C Ri) be
the least element of P ((x%)*). Then, by Remark 5, we have g° < (x%)*. Let

1° = {iel: xio < 0}. (4.14)

Then fori € 1° we have 0 < g° < (x%); = 0, so g2 = 0. On the other hand,
fori ¢ 1° we have
=gl =00 =g <N =0l =de((x®T) =7 (4.15)

Consider the vector a’ defined by

X0 ifiel®

/ 2

@=1% e (4.16)
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Then for i € 1° there holds a] = x? < 0 < g°, and for i ¢ 1° we have @/ = g°,
so a’ < g% whence, since g° € G € G,, it follows that &' € G,. Furthermore,
for i € I° there holds x? —a/ = 0 = (x%)} — g°, and for i ¢ I° we have
x?—al = (O —g° sox? —a' = (x%* — g0 Consequently,

0 0 0
r< gt =d =160 -l =7

5. Lattices of downward sets, normal sets and distance functions

Let us first outline some properties of the family of all downward sets in R’.

(1) If Aisadownward set in R, then so is its closure cl A. Indeed, assume that A
isnon-empty and let f e cl Aand f' < f. Let f,, € A be asequence such that
fon— fandlet f/ :=min(f’, f,) (n =1,2,...). Then,since f, < f,and Ais
adownward set, we have f, € A (n =1,2,...). Also, f, — min(f’, ) = f".
Hence f’ € cl A.

(2) Let (A));er be afamily of downward sets in R, where T is an arbitrary set of
indices. Then both |, A, and (1), A, are downward sets.

(3) If Ais a downward set in R, then so is the shift x + A, for each x € R/ (the
shift x + ¢ of the empty set is again empty, by definition).

Let us denote by A the family which consists of all closed downward sets in R’

(including the empty set ). Assume that A is equipped with the order relation by

containment (i.e., A; < Az ifandonly if A; D Ay).

PROPOSITION 9. The set A is a complete lattice. The supremum of a family
(Ap)cer in A coincides with the intersection (), A,; the infimum of this family in
A coincides with the closure cl (U, A/)-

Proof. This follows from the properties (2) and (1) above. O

Let us consider the set D of all distance functions d,, where A € A (and where
dy(x) = +oo forall x € R?). Assume that D is equipped with the pointwise order
relation: (d; < d») < (di(x) < do(x) forall x € RY). Let¢ : A — D be the
mapping defined by

P(A) =d, (AcA. (5.1)

PROPOSITION 10. The mapping ¢ is an isomorphism between the ordered sets
Aand D.

Proof. First we show that ¢ is a one-to-one correspondence. Indeed, if A; # A,
then the sets of zeroes of d4, and dy,, which are equal to A; and A, respectively,
are different, so d4, # da,,. It follows from the definition that ¢ maps onto D. Also,
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it is clear that ¢ is an increasing mapping: da, (x) < da,(x) if A1 D A, (that is, if
Ap < Ap). 0

PROPOSITION 11. The set D is a complete lattice.
Proof. The result holds since ¢ is an order isomorphism between .4 and D and
A is a complete lattice. O

We now calculate the infimum and the supremum in the lattice D.

PROPOSITION 12. Let T be aset of indices, (A;),r afamily of closed downward
sets, and A = cl |, ; A;(= inf,er A). Then

dy(x) = tm; ds,(x)  (x eRY). (5.2)

Proof. Let A" = J,.; A;. By a well-known lemma (see, e.g., [7], lemma 2.1),
we have

da(x) = min |lx —a| = inf |x —al = inf inf ||x —a|| = infd,, (x).
aecl A’ acA’ teT acA; teT
O

REMARK 6. We did not use in the proof that the sets A, are closed and downward,
nor the properties of the norm ||.| - .

COROLLARY 5. Letd, € D (t € T). Then the infimum of the family 4, in the
lattice D is the pointwise infimum.

Proof. It follows from Proposition 12 that the pointwise infimum of a family
of functions from D belongs to D as well. Hence, the conclusion follows (see e.g.
[12], proof of Corollary 3.2). O

Let us recall the following definition [6]: Let X be a set of functions defined
onaset Q. AsetY C X is called an infimal generator of X if x(g) = inf{y(g) :
yeY,y>x}foreachx € X and ¢ € Q (we assume that X is equipped with the
natural pointwise order relation).

We can use the above to describe a small infimal generator of the set D. For
each v € R’ let w, be the function defined on R’ by

wy(x) = (Max(x; —vy;))*  (x e RY). (5.3)

PROPOSITION 13. The set W := {w, : v € R’} is an infimal generator of the
set D.

Proof. If d € D, then there exists a closed downward set A such that d = dj4.
Since A is downward, we have A = J,_, A", where AY := {x € R’ : x < v}.
From (5.3), Proposition 3 and Theorem 1 it follows that

wy(x) = par ()T =da(x)  (x e RN, (5.4)
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so w, € D. Also, by Proposition 12 and (5.4),

d(x) =da(x) = infdy(x) = infw,(x) (x e RY).
veEA veEA
Thus W is an infimal generator of the set D. a

Let us consider now the pointwise supremum of a family of functions from D.

THEOREM 4. Let T be a set of indices, (A;);cr be a family of closed downward
sets, and A := ("), A,. Then we have (1.5), that is,

ds(x) =supdy, (x) (x e RY). (5.5)

teT

Consequently, every family {A,},c7 of closed downward subsets of R’ is linearly
regular.

Proof. Let x € R and r, = d, (x). Since A C A,, we have r, < d4(x) for
all r € T, whence s := sup,.r 7, < da(x). Thus, if s = 400, then ds(x) = +o0
and we have (5.5). Assume now that s < 4o0. Then the inequality r, < s implies
x—rl>x—slforallt € T.Hence, by x —r;1 € A, and since A; is a downward
set, we have x —s1 € A,, foreachr € T. Thus, x —sl € (),.; A = A (S0 A # ),
whence, by Corollary 2, d4(x) = min{A > 0: x — A1 € A} < s. Consider how
any number A > 0 such that x — 11 € A. Thenx — A1 € A, (t € A), whence,
by Corollary 2, A > ds,(x) =1, (t € T), SO A > sup,., r: = s. Applying again
Corollary 2, we deduce that d, (x) = min{x > 0: x —A1 € A} > s. Consequently,
da(x) = s, which proves (5.5). Hence (see Section 1), the family {A, },<r is linearly
regular. a

COROLLARY 6. Letd, € D (¢t € T). Then the supremum of the family (d;);c7 in
the lattice D is the pointwise supremum.
Proof. Similar to that of Corollary 5. a

Let us also give an axiomatic characterization of distance functions to closed
downward sets.

THEOREM 5. Let d be a function defined on R’. Then d € D if and only if either
d = 0 or the following properties hold:

(1) mind(x) =0;
xeR!

(2) d isincreasing and continuous;
(3) For each y € R/ there exists A, € R such that

diy + D)= — )" (A eR). (5.6)
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Proof. Let A be a closed downward set and d := ds. If A = R/, thend =
0. Assume now that A # R’. Then property (1) trivially holds and property (2)
follows from Corollary 2. For any y € R, define

Ay =max{e e R:y+aleA}. (5.7)

Then, since A # R’ is a downward set, the max in (5.7) is attained and 1, < +oo.
Wehave y +1,1€ Aand y+1,14+¢1 ¢ A forall ¢ > 0, whence, by Proposition
1(b), y+1,1 ebd A. Hence, by Proposition 5(a) applied to x = y 44,1, it follows
that d(y +A,1+ pnl) = pforall > 0. Choose p := (A —x,)*. Then for A > A,
wehave p =1 — A, >0,50d(y +11) =d(y + A, 1+ pl) = u =R —1,)*.
On the other hand, by y + 1,1 € A and since A is downward, for all A € R with
A< A,wehavey+21le A, whenced(y +A1) =0=( —21,)*.

Conversely, if d = 0then d = d, for A = R’. Assume now that a function
d # 0 enjoys properties (1)-(3). Consider the closed downward set A := {x €
R’ : d(x) = 0}. Then, by properties (1) and (2), we have A # @ and A is closed
and downward. Also, clearly, d(x) = 0 = d4(x) forall x € A. Let x € R/\A,
r =du(x)and y = x —r1. Then, by Proposition 2, y is the least element of P, (x),
whence y ebd A < A. Hence, by (5.6) for » = 0, it follows that (—1,)" =
d(y) =0, and so A, > 0. On the other hand, for all » > 0 we have, by y ebd A
and Proposition 1(b), y +A1 ¢ A, whence, by property (3) and the definition of A,
we obtain (A —1,)* = d(y+A1) > 0. This implies that 2, < 0, and hence A, = 0.
Thus, again by property (3), we can write d(x) = d(y +r)=r —1,)* =r. O

Consider the family G of all closed normal subsets of the cone R’.. Assume that
G is equipped with the order relation by containment. Note that the intersection
and the union of an arbitrary family of normal sets are again a normal set and the
closure of a normal set is normal. As has been observed in [12], from this assertion
it follows that the family G is a complete lattice: if (G,);cr is a family of sets,
G, eGforallt € T, then

supG, =( |G,, infG,=cl| |G,. 5.8

teTp t Q t 1T t ILEJT t ( )
Consider the mapping v : G — A, where

¥(G) =G.. (5.9)

Note that, by the uniqueness part of Theorem 2, v is a one-to-one correspondence.
Denote by A the image of the mapping v, that is, the family of all sets of the
form G — R with G € G. Then Ay is a proper subset of A (see, e.g., Theorem
2(b)). Assume that Ay is ordered by containment. Clearly, v is an isomorphism of
the ordered sets G and Ay, hence Ay is a complete lattice. Also, for any family of
normal sets (G;);cr We have

G —rD = JGn. = (U G,) = (U G,) ~R!, (5.10)

teT teT teT teT
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(G, —RY =[G = (ﬂ Gt> = (ﬂ Gt> —R.. (5.11)

teT teT teT teT

Consequently, the infimum and the supremum of a family in the lattice A
coincide with the infimum and supremum, respectively, of this family in the lattice
A.

From the above we can deduce the following result, which has been proved in
[12] with a direct method:

PROPOSITION 14. ([12], Theorem 3.1). Let (G;);cr be a family of closed normal
setsand G = (),c; G,. Then

dg(x) =supdg,(x) (x e RL). (5.12)

teT

Proof. By formula (5.11), we have G, = (", (G,).. Hence, applying (4.7) and
Theorem 4, we conclude that for x € R’

d(;(x) = dG*(x) = Supd(G[)*(x) = sup dG[ (x)

teT teT

6. Duality: a multiplicative min-type coupling function and separ ation of a
closed downward set and a ball

We shall consider the coupling function ¢o : R’ x RZ . — R defined by the ‘scalar
product’

go(x, 1) = (I,x) :=minkx;  (x € R, 1 eRL)). (6.1)

Let us recall the following result of [13]:

THEOREM 6. ([13], Proposition 4.3 and its proof). Let G be a closed normal set
and x% € R%Z \ G. Assume that the least element g° of the set P (x°) is strictly
positive. Then there exists a vector / € R/, such that

(l,g) <1< (Ly) (g€G,ye B’ r), (6.2)
where r = dg(x) and Bo(x%,r) = {y € RL : [x® — y|| < r}.
We shall apply this result to prove the following theorem.

THEOREM 7. Foraset A C R/, the following statements are equivalent:
1°. A is downward and closed.
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2°. For each x° ¢ A there exist a strictly positive vector / and a number A > 0
such that

(la+21) <1< ({,y+r1l) (aeA, yeBx%r), (6.3)

where r = d,(x% and B(x%,r) = {y e R' : |x® — y| < 7).
3°. For each x° ¢ A there exist a strictly positive vector I and numbers A, r > 0
such that

(l,a+x1) <{,y+2rl) (aecA, yeBx%nr). (6.4)

Proof. 1° = 2°. Assume 1° and let a® = x% — r1 be the least element of the
set P, (x%) (see Proposition 2). Let » > r. Consider the set A* := A + A1 and the
element x* = x% 4+ A1. Then x* € R’ for sufficiently large A, and we have

dy (x*) = min G0+ A1) — (@ + AD)|| = min 1x° — all = da(x) = r.
ae ae

Let a* be the least element of the set P, (x*). Then a* coincides with the shift
a® + A1 of the least element a° of P4(x), and hence the inequality a* > 0 holds
for sufficiently large 1. Therefore, taking such a A, and applying Theorem 6 to the
closed normal set G := A* N RZ, it follows that there exists a vector / >> 0 such
that

(l,a) <1< (1Y) (d e A*NRY, y' € Bo(x® + 241, 1)), (6.5)
whence also
(1,dy <1< ({1,y) (d €A, y e By(x®+iLr)), (6.6)

since for each @’ € R'\R’ we have (/,a’) < 0 (by ! > 0and (6.1)).
Consider the ball B(x° 4+ A1, r). Since

BOP+ 2L =y 2 +21—r1 <y <xP+ 214,12}, (6.7)

we have B(x°+211, r) C R., for sufficiently large &, so B(x°+21,r) = Bo(x"+
A1, r). Also, clearly, y' € B(x° 4+ A1, r) if and only of y/ — A1 € B(x°, r). Thus,
(6.6) is equivalent to (6.3).

The implication 2° = 3° is obvious.

3° = 1°. Assume 3°. If A is not downward, then there exist a € A and x° €
R\ A such that x° < a. Then, by 3°, there exist a strictly positive vector / and
numbers A, r > 0 satisfying (6.4). Hence, for y = x* —r1 € B(x% r) (s0 y <
a — r1) we obtain

La+2D) <, x°—r14+21) < (,a—rl1+21),

which is impossible. Thus, A is downward.
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Finally, if A is not closed, then there exists a sequence {x*} € A converging to
some x° € R\ A. Then, by 3°, there exist a strictly positive vector / and numbers
A, r > 0 satisfying (6.4). Hence, for a = x* with k large enough so as to have
x> x0—r1, and y = x° — r1 eB(x°, r), we obtain

(I, x° = rl4+ A1) < (I, xF421) < (1, 2% = r1 4 21),

which is impossible. Thus, A is closed. a

7. Duality: an additive min-type coupling function and separ ation of a
closed downward set and a ball

DEFINITION 4. Let x € R!. The set
(x+r1eR :xeR) (7.8)
is called the diagonal line passing through x.
DEFINITION 5. Aset U € R/ is said to be closed along diagonal lines, if
xeR meRx+M1eU k=12, 0 =) =>x+r1ecU. (7.9
We shall consider the coupling function ¢ : R’ x R’ — R defined by
o(x, 1) = rlneiln (i +x) xeRlIeR. (7.10)

THEOREM 8. For a subset A of R’ the following statements are equivalent:
1°. Ais a closed downward set.
2°. A is closed along diagonal lines and downward.
3°. For each x € R’\ A there exists | € R’ such that

supe(a,l) <0 < @(x,1). (7.11)

acA

4°. For each x € R\ A there exists [ € R’ such that

supp(a,l) < e(x,1). (7.12)
acA
Proof. The implication 1° = 2° is obvious.
2° = 3°. Assume that A is closed along diagonal lines and downward and let
x € R\ A. Then, since A is closed along diagonal lines, there exists A > 0 such
that x — A1 ¢ A (indeed, if x — A1 € A for all » > 0, then, taking A \, 0, we
obtain x € A, in contradiction with our assumption). Define [ := (;);c; € R by
[:=A1—x,li.e.,

Li=i—x (iel. (7.13)
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Leta € A. Then

pa,l) = mi1n (a; +1;) <0; (7.14)
le

indeed, otherwise min;¢; (a; +1;) > 0, whence a; > —I; = x; — A (i € I), and
hence, since A is a downward set, x — A1 € A, in contradiction with the choice of
A. On the other hand,

(e, 1) =min (x; + 1) = min (x; + (b —x;)) = 2 > 0, (7.15)
IAS IAS

which, together with (7.14), yields (7.11).

The implication 3° = 4° is obvious.

4° = 1°. Assume that A is a set with the separation property (7.12), and that
there exist a® € A and x < a® with x ¢ A. Then, by the separation assumption,
there exists / € R such that

min (a° + ;) < supmin (a; + ;) < min (x; + 1),
iel acA i€ iel

and hence there exists an index j € 7 such that a? +1; < x; +1;, in contradiction
with the assumption x < a°. Consequently, A is a downward set.
Finally, assume again that A is a set with the separation property (7.12), and

assume that there exist a* € A (k = 1,2,...), a* — x € R/\A. Then, by the
separation assumption, there exists / € R such that

e, ) <supg(a,l) =M < ox,]) (k=1,2,..). (7.16)

acA

But, since the set {y € R’ : ¢(y,1) < M} is closed (by the continuity of ¢(., 1)),
from a* — x and the first part of (7.16) it follows that ¢(x,/) < M, which
contradicts the second part of (7.16). Consequently, A is a closed set. O

REMARK 7. We recall (see [14, 11]) that if X is a set and W is a set of functions
w: X — R, asubset A of X is said to be abstract convex with respect to W, or,
briefly, W-convex, if for each x € X\ A there exists w € W such that sup w(A) <
w(x). By the above Theorem, a set A € R/(= X) is closed and downward if
and only if it is closed along diagonal lines and downward, or, if and only if it is
L-convex, where L(= W) denotes the set of all functions ¢(.,1),1 € R’.

Let

10l := sup @(x, D). (7.17)

xlloo<1

The following proposition gives the explicit expression for ||/|], .
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PROPOSITION 15. We have
lil, =1+minti  ( eR), (7.18)
S

=]l =1— maxf. (€ RY). (7.19)
IAS]

Thus, in general, |||, # -], .
Proof. By (7.17), we have

I, = sup @(,l)= sup min{; +x;) =1+ miIn l;,

1 ll0o <1 ¥l i€ i€

which proves (7.18). This, in turn, yields (7.19). O

8. Characterization of best approximations by a separation property
In the sequel we shall use the following simple lemma.

LEMMA 1. Let A be a downward set and a® € bd A. Then

¢(a, —a°) = min (a; — a®) <0 (a€A). (8.1)

Proof. Assume, on contrary, that there exists a € A such thata? < a; (i € I).
Then the set V := {x € R/|x « a} is a neighbourhood of «°, and, since A is
a downward set, in V there exists no element x ¢ A, in contradiction with the
assumption that a® € bd A. O

THEOREM 9. Let A be a closed downward set, x° € R'\A,a’ € A and r' :=
|x% —a’|| . We have a’ € P4(x°) if and only if there exists / € R’ such that

oa, ) <0< o(y,l) (aeA,yeBx%r)), (8.2)

Moreover, if (8.2) holds with I = —a’, then a’ = a° := min P, (x°).
Proof. Necessity. Assume that a’ € P4 (x°), so ' = d,(x°) := r, and let us
show that there exists / € R such that

9a, 1) <0< p(y,l) (acA,yeBx°r). (8.3)
Define [ := —a® = —min P4(x°), and let y € B(x?, r), that is,
—rgyi—xf)gr iel). (8.4)

Then, by —1 = a® = x° — r1 (see Proposition 2) and (8.4), we obtain

@(y, 1) =min (y; + 1) = min (y; — (x} —r)) >0,
icl icl
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i.e., the right hand side of (8.3). On the other hand, the left hand side of (8.3) for
I = —a® holds by lemma 1.

Sufficiency. Assume that there exists / € R’ satisfying (8.2). Since x° — r'1 e
B(x% r"), by (8.2) we have min;c; (x? — ' +1;) = ¢(x° — r'1,l) > 0, whence

Li>—x24+7 (el). (8.5)

Now let a € A be arbitrary, and define a” € R! by a” := min (a, x%), i.e.,

/" i if i< 0
a = { ao . xlo (86)

x; ifa; > x;.
Then, by (8.2) and (8.5), we have

0> g(a”,1) =min (¢ +1;) > min (¢ — X+ =1+ min (a;' - D),
1 1 1

whence min;¢; (a/ — x?) < —r', and hence

i

0

[x° —a”"|| = max | —a!| =7 = |x°=d|. (8.7)

Finally, let 7% := {i € I|a; < x?}. Then

|x° — a| = max |x{ — a;| > max |x) — a;| = max |x) —a| = |+° — a”
iel iel® iel

| ’

which, together with (8.7), yields ||x° — a| > [x® —a’| . Thus, @’ € P4(x).
In order to prove the last statement, assume that (8.2) holds with = —a’, i.e.,

p(a,—a) <0< o(y,—a’) (aeA,yeBx%r)). (8.8)

Then, by the above, a’ € P4(x°). On the other hand, for any a € P,(x°) we have
|x®—a| = ||x°—a'| =+, s0oa € B +), whence, by (8.8) (for y = a),
Min;e; (@; — a)) = @(a, —a’) > 0. Thus, a > a’, whence, by a’ € P4(x°) and the
definition of a°, we obtain a’ = 4°. 0

9. Thedistanceto adownward set revisited

THEOREM 10. Let A be a closed downward set and x° € R/\ A. Then

da(x®) = max dp(x9), (9.1)

ACD

where H denotes the set of all lower min-type half-spaces (see Definition 3).
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Proof. Clearly, we have (for any set A)

da(x°) > sup dp(x°). (9.2)
DeH
ACD
We shall show that there exists D € H such that A € D and d4 (x°) < dp(x?),
which will complete the proof.
Let a° := min P4(x%) and define D € H by

D:={x e Rk, —a®) <0} ={x eR!: miln (x; — a?) < 0L (9.3)
IAS]

Leta € A. We claim that « € D. Indeed, assume, on contary, thata ¢ D, i.e.,
a; > a? forall i € 1. Define

a; :=min(a;,x’) (G el). (9.4)

Then a < a, whence, since A is downward, a € A. Furthermore, since xl.o — a? =
da(x% > 0, whence x? > a?, forall i € I (by Proposition 2), we have a; > a? for
alli € 1. Hence, ||x° — a|| = max;e; (x? — @;) < maxie; (x? —a?) = [x° —a°|
in contradiction with a® € P,(x°). This proves the claima € D. Thus, A € D.

Finally, since D is closed, there exists x € D such that dp(x%) = [|x* —x]|.
Then, since x € D of (9.3), there exists j € 7 such that x; < a? and hence

’

dp(x%) = ||x0 — x|| > x? —Xx; = x? — a? =d,(x%),
where the last equality holds by a® = min P,(x°) (see Proposition 2). O
REMARK 8. Since ||.|| = ||.]l and I is finite, we have

da(x%) = minmax |x? — a?|.
acA iel

On the other hand, by Proposition 4 and Theorem 1, there holds

max dp(x°) = maxdp, (x°) = max min (x; — )™
DeH ler! 1erRl iel
AcD ACDy min; ¢ 7 (a;—1;)<0 (a€A)

Consequently, we can write (9.1) as the following duality theorem:

min max |x° — a?| = max min (x; — I)*. (9.5)
acA iel 1eR! iel
min; ¢y (a; —1;)<0 (a€A)

10. Connections between the multiplicative and additive cases

In this section we shall show that the multiplicative and additive cases above are
closely related, in two ways.
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(1) We shall adopt the usual notations

e = (eMier  (x = ()icr €R, (10.1)

Iny = (nydics (= )ier € RL). (10.2)
If G is a normal subset of R, then the set A defined by

A:=InG={Ing:geG} (10.3)

is a downward subset of R’ and each downward set A can be represented in the
form (10.3), taking G := e? = {¢“ : a € A}. Note also that G is closed if and only
if In G is closed.

One has also a correspondence between functions, as follows. Let us denote
by P the set of all functions p : R, . — R, and by Q the set of all functions
h : R! — R. Let us consider the mapping V : P — Q defined by

V(p)x):=Inpe*) (peP,xeR. (10.4)

It is well-known (see e.g. [4]) that V' is one-to-one, namely the inverse mapping
v-lis

Vi) ="M (he Q,yeRL). (10.5)

We recall that if G is a subset of R’ _, the usual Minkowski gauge of G is the
function g : RL . — R defined by

pne(y) :=inf(A>0:y € AG} (y € RL)). (10.6)
PROPOSITION 16. Let G C ]R{fur be a normal set and let A := In G. Then

V(ug) = pa, (10.7)

where p, is the plus-Minkowski gauge (3.9) of A.
Proof. Let x € R’. Then, by (10.6),

(e =infiA >0:¢* e AG}=inflA >0:x € (InV)1+InG}
=inf{A>0:x e (nA)1+ A}, (10.8)

and hence, by (10.4), (10.8), and (3.9),

Viug)x) =Inpuge®) =inf{lnA: A >0, x elni + A}
=inflv:x e vl+ A} = pa(x).
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PROPOSITION 17. Let @, be the restriction of the multiplicative coupling func-
tion (6.1) to R, x R. ., that s,

Po(x, 1) = @o(x,]) = miln Lixi (x,leRl), (10.9)
IAS]

and let ¢ be the additive coupling function (7.10). Then ¢o(.,[) € P and
V(@(.,D)(x) =9, Inl) (xeR1eR.,). (10.10)

Proof. Letx € R/, 1 € R, . Then, by (10.4) (with p = (., 1) of (10.9)), (6.1),
and (7.10), we obtain

V(go(., ))(x) =Inge(e*, 1) = In miln lie =minlinl;e"
e

iel

=miln(xl- +1Inl) = @(x, Inl).
e
O

Thus, the mappings (10.3) and (10.4) permit to carry results on subsets of R’
and extended-non-negative valued functions on ]Rfr . to corresponding results on
subsets of R’ and extended-real valued functions on R’ respectively, and vice
Versa.

(2) Many results from the additive and the multiplicative cases can be extended
to the following framework:

DEFINITION 6. Let I be a non-empty finite index set. Let A = (A, <, <) be
a complete ordered group, where < denotes the group operation (we recall that
a partially oredered group A = (A, <, <) is said to be complete, if (A, <) isa
conditionally complete lattice, i.e., if every non-empty order-bounded subset of A
admits a supremum and an infimum in A). Define a coupling function ¢ : A’ x
Al — Aby

o(x, 1) = in}‘ x; Ol (x, 1 € A). (10.12)

Then, for A = (R, ., x, <), ¢ becomes the coupling function ¢, : ]Rfr+ X
R, — R, defined by (10.9), and for A = (R, +, <), ¢ becomes the coupling
function R’ x R/ — R defined by (7.10).

The generalization of some results of this paper to the framework of functions
with values in extensions of complete ordered groups [8, 9] will be given elsewhere
(in preparation).
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